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Abstract 

We establish the short-time asymptotic behaviour of the Markovian 
semigroups associated with strongly local Dirichlet forms under very 
general hypotheses. Our results apply to a wide class of strongly el- 
liptic, subelliptic and degenerate elliptic operators. In the degenerate 
case the asymptotics incorporate possible non-ergodicity. 
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1 Introduction 



One of the iconic results in the theory of second-order elliptic operators is Varadhan's 
Var67bj |Var67aj identification of the small time asymptotic limit 



lim t\ogK t (x;y) = -4 l d(x;yf (1) 

of the heat kernel K of a strongly elliptic operator on H d in terms of the intrinsic Rieman- 
nian distance d(- ; ■). The small time behaviour was subsequently analyzed at length by 
Molchanov |Mol75j who extended to a much wider class of operators and manifolds. 
These results were then analyzed, largely by probabilistic methods, by various authors 
(see, for example, the Paris lectures }Aze81| ). Most of the early results were restricted to 
non-degenerate operators with smooth coefficients acting on smooth manifolds. Optimal 
results for the heat flow on Lipschitz Riemannian manifolds were obtained much later by 
Norris |Nor97j . The asymptotic relation (0) has, however, been established for certain 
classes of degenerate subelliptic operators by several authors, in particular for sublapla- 
cians constructed from vector fields satisfying Hormander's condition for hypoellipticity 
BKRR71 [Lca87aj |Lea87bj |KS88j. It is nevertheless evident from explicit examples that 
fails for large classes of degenerate elliptic operators. Difficulties arise, for example, 
from non-ergodic behaviour. 

The problems introduced by degeneracies are illustrated by the operator H = — d c$ d, 
where d = d/dx and 

acting on the real line. If 6 G [0, 1/2) then the associated diffusion is ergodic. If, however, 
8 > 1/2 then the diffusion process separates into two processes on the left and right half 
lines, respectively (see [ERSZ04|, Proposition 6.5). The degeneracy of cs at the origin 
creates an impenetrable obstacle for the diffusion. Therefore the corresponding kernel 
K satisfies K t (x;y) = for all x < 0, y > and t > and the effective distance 
between the left and right half lines is infinite. But this behaviour is not reflected by the 
Riemannian distance d(x;y) = \ j^. c s l ^ 2 \ which is finite for all 5 G [0, 1). Hence (0) must 
fail for this diffusion process if 5 G [1/2, 1). More complicated phenomena can occur for 
degenerate operators in higher dimensions. To be specific let / = {(ct,0) : a G [—1, 1]} be 
a bounded one-dimensional interval in R 2 and consider the form h((p) = XlLi^V 9 ; c sdi(p) 
with D{h) = W 1,2 (R 2 ) where cs{x) = (\x\ 2 j/(l + \x\j)) 5 and \x\i denotes the Euclidean 
distance from x G R 2 to the interval /. It follows that if 5 > 1/2 then the interval / presents 
an impenetrable obstacle for the corresponding diffusion and the effective configuration 
space for the process is R 2 \J. In particular the appropriate distance for the description 
of the diffusion is the intrinsic Riemannian distance on R 2 \J rather than that on R 2 . 
Although the Riemannian distance on R 2 is well-defined if 5 G [0, 1) it is not suited to the 
description of the diffusion if 5 G [1/2, 1). Thus the problem of a deeper understanding of 
the small time behaviour of the heat kernel associated with degenerate operators consists 
in part in identifying the appropriate measure of distance. 

Hino and Ramirez jHR031 (see also [Hin02j |Ram01j ) made considerable progress in 
understanding the small time asymptotics of general diffusion processes by examining the 
problem in the broader context of Dirichlet forms on a cr-finite measure space (X, £>, /i) 
|FOT94j |BH91j |Mos94j . First they consider an integrated version of Set K t (A ; B) = 
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J A dfj,(x) f B dfi(y) K t (x ;y) for measurable subsets A,BeB. Then the pointwise asymp- 
totic estimate (JTJ) leads, under quite general conditions, to a set-theoretic version 

\im t\ogK t (A; B) = -A' 1 d(A;B) 2 (3) 

for open sets where the distance between the sets A and B is defined in the usual man- 
ner with infima. Secondly, if the measure fi is finite then Hino-Ramfrez establish (J3J) for 
the kernel of the semigroup corresponding to a strongly local, conservative, Dirichlet form 
on L2(X ; fi) and for bounded measurable sets A and B but with a set-theoretic distance 
d(A ; B) defined directly in terms of the Dirichlet form. This distance takes values in [0, oo] 
and is not necessarily the distance arising from any underlying Riemannian structure. Nev- 
ertheless the estimate (J2J) establishes that it is the correct measure of small time behaviour. 
A key feature of this formalism is that it allows for the possibility that K t (A ; B) = for all 
small t and then d(A ; B) = oo. The principal disadvantages of the Hino-Ramfrez result is 
that it requires (X, B, fi) to be a probability space and the form to be conservative. One of 
our aims is to remove these restrictions and to derive the estimate (J3J) for diffusion processes 
related to a large class of regular, strongly local, Markovian forms on a general measure 
space (X, B, /i). Our formalism is suited to applications to degenerate elliptic operators. A 
second aim is to establish conditions which allow one to pass from the estimate (J3J) to the 
pointwise estimate (JTJ). We prove a general result which covers a variety of canonical situ- 
ations. For example, we are able to derive pointwise estimates for subelliptic operators on 
Lie groups, to give an independent proof of Norris' result |Nor97j for the Laplace-Beltrami 



operator on a Lipschitz Riemannian manifold and to discuss Schrodinger-like semigroups 
with locally bounded potentials. 

Simultaneous with this work Ariyoshi and Hino |AH05| extended the Hino-Ramfrez 
result to strongly local Dirichlet forms on general u-finite measure spaces. Their tactic is 
broadly similar to ours although both were developed independently. Both proofs rely on 
local approximations and limits of the local diffusions and the corresponding distances. The 
limits are controlled by use of the evolution equation associated with the form. Ariyoshi 
and Hino refine the estimates on the equations of motion given in HR03J and |Ram01| 
whilst our arguments rely on the observation that the corresponding wave equation has a 
finite speed of propagation [ERSZ04]. The latter property gives rather precise information 
about the small scale evolution. 

In Section |21 we establish the general formalism in which we work and give a complete 
definition of the distance d(A;B). Then we are able to give a precise statement of our 
conclusions. Proofs are given in Section El In Section 0] we discuss various applications to 
elliptic and subelliptic differential operators. 



2 General formalism 

We begin by summarizing some standard definitions and results on Markovian forms and 
Dirichlet forms. As background we refer to the books by Fukushima, Oshima and Takeda 
FOT94j . Bouleau and Hirsch [BH91J and Ma and Rockner [MR92J and the papers by 
LeJan |LeJ 78j and Mosco |Mos94j . Most of the early results we need are summarized in 
Mosco |Mos94j together with more recent results, notably on relaxed forms and convergence 
properties. 
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Let X be a connected locally compact separable metric space equipped with a positive 
Radon measure /i, such that supp ji = X. We consider forms and operators on the real 
Hilbert space L 2 (X) and all functions in the sequel are assumed to be real- valued. More- 
over, all forms are assumed to be symmetric and densely defined but not necessarily closed 
or even closable. We adopt the definition of Markovian form given in |FUT94j . page 4, or 
Mosco [Mos94 , page 374. Then a Dirichlet form is a closed Markovian form. 

A Dirichlet form £ on L 2 (X) is called regular if there is a subset of D(£) fl C C (X) 
which is a core of £, i.e., which is dense in D{£) with respect to the natural norm ip \— > 
(£(</?) + IMIi) 1 ^ 2 ) an d which is also dense in Cq(X) with respect to the supremum norm. 
There are several non-equivalent kinds of locality for forms or Dirichlet forms [BH91J 
|F()T94j [Mos94j. In general we will call any positive quadratic form h strongly local 
if h(ip,ip) = for all (p,ip £ D{h) with suppy? and supp?/> compact and ip constant on 
a neighbourhood of supp <p. Following Mosco [Mos94j we refer to a strongly local regular 
Dirichlet form diffusion. 

There is a possibly stronger version of the locality condition given in |BH91j . Section 1.5. 
A Dirichlet form £ is called [BH]-local if £(ip, <p) = for all (p, ip £ D{£) and a £ R such 
that (ip + al)ip = 0. It follows, however, by [BH91j Remark 1.5.1.5 and Proposition 1.5.1.3 
(L ) =>- (L 2 ), that strong locality and [BH]-locality are equivalent for regular Dirichlet 
forms. Therefore diffusions are [BH]-local. 

The Dirichlet form £ is called conservative if 1 £ D(£) and £(1) = 0. The condition 
1 £ D(£) of course requires that 1 £ L 2 (X), i.e., fi(X) < oo, so it is of limited applicability. 

Let £ be a general Dirichlet form on L 2 (X). First, for all ip £ D{£) D L^X) define 
if :D{£) HL^X) by 

Xf (i f ) = £^ i f^)-2- 1 £(^, v ) . 

If no confusion is possible we drop the suffix and write 2^(<£>) = T^\(p). If ip > it follows 
that ip i — > I^(^) is a Markovian form with domain D(£) fl L 00 (A) which satisfies the key 
properties 

< l F oi,(v) < T^) < I^IU^W (4) 

for all ip,ij) £ D(£) fl L^X) with if > and all normal contractions F (see (BH91 , 
Proposition 1.4.1.1). Hence 

- 2^(^)| < l^^) 1 ' 2 !^^) 1 ' 2 < £^ 1 -^ 2 ) 1 / 2 £^ 1 + ^ 2 I^IU (5) 

for all <p, if)i,ifa £ F>(£) fl L QO (X) with <p > 0. This form is referred to as the truncated 
form by Roth [Rot76j, Theorem 5. 

A regular Dirichlet form has a canonical representation originating with Beurling and 
Deny |BD58j and in its final form by LeJan |Le,)78j (see |Mos94| . Section 3e or |F()T94| . 
Section 3.2). If £ is strongly local, i.e., if it is a diffusion, this representation takes the 
simple form 

Jx 

for all ip £ D(£) where the (= n\ ) are positive Radon measures. The measures are 
uniquely determined by the identity 
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for all ip,ip G D{£) fl Loo(X) and the continuity property 

\W - ^ II <£bk- 4>2) 1/2 £(ipi + ^) 1/2 

for all if)i,if>2 ^ -D(^) as a consequence of (0) (see |LeJ78j . Propositions 1.4.1 and 1.5.1 
or |FOT94j . Section 3.2 and Lemma 3.2.3). The measure fx^ is usually referred to as the 
energy measure. 

If £ and T are two Dirichlet forms which are [BH]-local and satisfy £ < T then 

if (^if^) (6) 

for all <p,ip £ D{F) H Loo(X) with > (see, for example, ERSZ05 Proposition 3.2). 

Let £ be a diffusion. Define D(E)\ oc as the vector space of (equivalent classes of) all 
measurable functions if>: X — > C such that for every compact subset K of X there is a 
■0 G D(£ ) with ip\x = i>\K- Since £ is regular and [BH]-local one can define = 
%: D(£ ) n L^X) -+ R by 

for all V G D(£)ioc n ^(X) and ^ G D(£) n Loo,cPO where if) G £>(£) n Lco(X) is such 
that ip\ suppip = V>|sup P¥ >- Next, for all if) G D(£)\ oc H Loo(X), define 

IIIJ^IH = sup{ 1X^(^)1 :^G J D(^)nL 00iC (X), ||</?||i < 1 } G [0, oo] . 

Now, for all if) G Loo(X) and measurable sets A, B C X, introduce 

g^(A ; 5) = sup{ M G R : ^(x) - ?/%) > M for a.e. x G A and a.e. yeB} 

= ess inf ^(x) — ess sup if)(y) G (— oo, oo] . 

Recall that 

ess sup if>(y) = inf{m G R : \{y G B : if)(y) > m}\ =0} 
y eB 

= min{ m G [— oo, oo) : \{y G B : ip(y) > m }| = 0} G [— oo, oo) 
and ess mi x€ A = — ess sup xgA — ip(x). Finally define 

d(A ; B) = S £ \A ; B) = sup{ d^(A ; B) : ip £ D (£) } , 

where 

D (£) = {ipe J D(^)i 0C nL 00 (X) : |||2;||| < 1} 

as in ERSZ05 . A similar definition was given by Hino and Ramirez jH R03| (see also 
Stu98]), but since they considered probability spaces the introduction of D(£)\ oc was 
unnecessary. Regularity of the form was also unnecessary. If, however, we were to replace 
D(£)\ oc by D{£) in the definition of d(A;B) then, since if) G Z^X), one would obtain 
chp(A ; B) < for all measurable sets A,BcX with \A\ = \B\ = oo and this would give 
d(A;B) = 0. On the other hand the definition with D(£)\ oc is not useful unless D{£) 
contains sufficient bounded functions with compact support. Hence regularity of some sort 
is essential. 

The distance determines the following L2-off diagonal bounds, or Davies-Gaffney bounds 
on the semigroup associated to a diffusion by Theorem 1.2 in [ERSZ05 . 
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Theorem 2.1 Let £ be a diffusion over X . If denotes the semigroup generated by the 
self-adjoint operator H on L 2 (X) associated with £ and if A and B are measurable subsets 
of X then 

|(^,5fV)l< e - d(£)(AB)2(4trl ||^l| 2 ||^ll2 
for all ip G L/2(A), (p G L 2 (B) and t > with the convention e~°° = 0. 

Let h be a positive quadratic form on L 2 (X). Then h is not necessarily closable but 
there exists a largest closed quadratic form, denoted by ho, which is majorized by h, i.e., 
D(h) C D(ho) and ho(ip) < h(ip) for all <p G D{h). The form /i is referred to in the 
literature on discontinuous media as the relaxation of h (see |Mos94| . Section l.e). It 
can be understood in various ways. Simon (see |Sim78j . Theorems 2.1 and 2.2) established 
that h can be decomposed uniquely as a sum h = h r + h s of two positive forms with 
D(h r ) = D(h) = D(h s ) and h r the largest closable form majorized by h. Simon refers 
to h r as the regular part of h. Then h Q = h r , the closure of h r . Simon also proved 
that D(ho) consists of those <p G L 2 (X) for which there is a sequence (p n G D{h) such 
that hm^oo (p n — (p in L 2 (X) and lim inf n _>oo h((p n ) < oo. Moreover, ho(<p) equals the 
minimum of all liminf n ^ 00 h(<f n ), where the minimum is taken over all (fx, <p 2 , . . . G D(h) 
such that limn^oo <p n — (p in L 2 (X). (See |Sim77j . Theorems 2 and 3.) Note that if D is a 
subspace of L 2 (X) which is dense in D{h) then (h\n)o — ho- Moreover, if h and are two 
positive quadratic forms with h < k then h < k . 

The relaxation can also be understood by approximation. If h, hi, h 2 , ■ ■ ■ are closed pos- 
itive quadratic forms on L 2 (X) and H,H\,H 2 , . . . the corresponding positive self-adjoint 
operators then we write h = r.lim^oo h n if Hi, H 2 , . . . converges to H in the strong re- 
solvent sense, i.e., if (/ + H)~ l = lim n ^ 00 (J + H n )~ l strongly. It follows from |Mos94j . 
Theorem 2.4.1, that h = r.lim n _ >cx >ft'n if and only if h{ip) < liminf^oo h n ((p n ) for all 
(p, <fi, <f 2 , ■ ■ ■ G L 2 (X) with lim^oo ip n = ip weakly in L 2 (X) and, in addition, for all 
(p G L 2 (X) there exists a sequence <pi, <p 2 , ■ ■ ■ £ L 2 (X) such that limn^oo <p n = ip strongly 
in L 2 (X) and h((p) = liminf^oo h n (ip n ). 

If hi,h 2 ,... are closed positive quadratic forms on L 2 (X) such that hi > h 2 > . . . 
then it follows from a result of Kato Kat80 , Theorem VIII. 3. 11, that the corresponding 
sequence Hi, H 2 , . . . of operators converges in the strong resolvent sense to a positive self- 
adjoint operator H . If h is the form corresponding to H, then h = r.linin^oo h n and h is the 
largest closed form which is majorized by h n for all n G N (Simon |Sim77j . Theorem 3.2). 

Now let h be a positive quadratic form on L 2 (X) and / a closed positive quadratic form 
such that h < A I, for some A > 0, and with D(l) dense in D(h). Then the forms h e = h+e I, 
with e > 0, are all closed positive forms, with domain D(l), since e I < h £ < (A + e) I. But 
e i — > /i E is monotonically decreasing if e j and it follows from the results of Kato and 
Mosco cited in the foregoing paragraphs that r.lim e ^o h e = ho where ho is the relaxation 
of h. This characterization justifies the notation h^. Note that ho is independent of the 
particular / used in this construction which is akin to the viscosity method of partial 
differential equations. So h could well be called the viscosity closure of h. If h is the 
form of a pure second-order elliptic operator in divergence form on R d and / is the form 
of the Laplacian then the condition h < XI corresponds to uniform boundedness of the 
coefficients. 

Throughout the remainder of this paper we fix a strongly local regular Dirichlet form 
/ on L 2 (X), i.e., a diffusion, satisfying the following property. 
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Condition L The function X x X — > [0, oo] defined by 

d (e \x;y) = sup{|V(z) - = V> e £>(0toc .n C b (X) and \\\X®\\\ < 1} 

zs a metric, the topology induced by this metric equals the original topology on X and the 
balls B( e \x ; r) defined by the metric are relatively compact for all x E X and r > 0. 

The first result of this paper is given by the following. 

Theorem 2.2 Let I be a diffusion on Li2(X) 

satisfying Condition L. Further let h be a positive form over X such that h < A tamo-LooPO 
for some A > and HId^hl^x) is strongly local and Markovian. 

Then the relaxation ho of h is a diffusion. Moreover, if A, B C X are relatively compact 
and measurable then 

lim tlog(U, Sf o) 1b) = -A- x Sto\A ; 5) 2 (7) 

where denotes the semigroup associated with ho. 
Note that if S^ h °' has an integrable kernel then 

(l A ,Si h0) l B )= [ dfi(x) [ d f i(y)Ki ho \x;y) = Ki ho) (A;B) 

J A J B 

so (|ZJ) corresponds to the integrated version (J3J) of Varadhan's result ((H). 

Next note that it follows by choosing h equal to / that one has the following conclusion. 

Corollary 2.3 If I is a diffusion on L 2 (X) satisfying Condition L, then 

lim tlog(l A , Si l) l B ) = -4-M (/) (A ; Bf 

for all relatively compact measurable A, B C X . 

One application of the corollary is to strongly elliptic operators in divergence form on 
R d with bounded coefficients. Then d^ e \-]-) is the corresponding Riemannian distance 
and d®(A ; B) = d^ e \A ;B)i£A and B are open and non-empty, where we set 

d {e \A;B) = inf inf d {e \x;y) 

for general non-empty A, B C X. 

There is also a weaker version of Theorem 12.21 for sets which are possibly not relatively 
compact. In the formulation of this result we let Pa denote the orthogonal projection from 
L 2 (X) onto L 2 (A). 

Corollary 2.4 Assume the conditions of Theorem 12.21 Then 

lim t log \\P A S { t ho) P B h^2 = -A^d^iA ; B) 2 

for all measurable A,BcX. 
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It is possible to transform the set-theoretic bounds on the semigroup into pointwise 
bounds but this requires some additional assumptions which are satisfied for large classes 
of non-degenerate elliptic operators (see Section HJ). In general it is possible that ip G 
-CKOiocHLoo with < oo but ip is not continuous. Therefore one can have dS l '{A ; B) > 

d^ e \A;B) even for non-empty open sets A and B. This behaviour is illustrated by the 
one-dimensional example given in the introduction with S G [1/2, 1) in (J2J). 

This explains the origin of the first assumption in the next theorem. The second 
assumption is typically a consequence of a parabolic version of the Harnack inequality. 

Theorem 2.5 Let I be a diffusion on L2(X) satisfying Condition L. Assume 

I. D (l) C C(X), and, 

II. the semigroup has a continuous kernel K and there are u,cu,T G (0, oo) such 
that 

K s (x ; y) < K t (x ; z) {ts^Y e^-WM- 1 ) 
for all < s < t < T and x,y, z e X . 

Then 

lim tlogK t (x;y) = -A~ 1 d {e \x ; y f 

for all x,y G X . 

Applications of Theorem 12.51 are discussed in Section HJ 

3 Proof of the theorems 

First we derive several useful results for general diffusions. 

Lemma 3.1 Let £ be a diffusion on L 2 (X). If A, B are measurable with \A\, \B\ < oo and 

limt\og(± A , sfh B ) = -4-V f) (A;5) 2 

then d^ £ \A ; B) is the supremum of all r > for which there are M, t > such that 

(t A ,Sfh B ) < Me~^~ lr2 

for all t G (0,i ]- 

Proof Let s denote the supremum. Then the Davies-Gaffney bounds of Theorem 12.11 
give d(A ;B)<s. If d(A ; B) < s then there are r e (d(A ;B),s) and M, t > such that 
{t A , S t t B ) < Me~^~ lr2 for all t E (0, t }. Then 

limtlog(l A ,^li?) < -4^V 2 < -A^diA-.B) 2 
which gives a contradiction. □ 
Lemma 3.2 Let £ be a diffusion on /^(X). Let ipi,ip2 G L)(£)\ oc n L^. 
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I. Ifcp e D{8) n Loo,, ^ ^ > then < ^(f) 

TT IIIT^ III < IIIT^III \/ IIIT^III 
AA> lll x ViVV2lll — lll x Vi 111 111 in Ill- 
Proof Let /x^, be the energy measure associated with £. It follows from (2.10) in (BM95J 
that 

ftfaAfa = ^-{xeX:fa(x)<fa(x)} f^fa + ^-{xeX:fa(x)>fa(x)} f^fa 

for all ipi,ip2 £ D(l) fl Lqo. Hence 

ZfaAfaitf) = J d^iAfa <f = J dfJ,fa (p t{x£X:fa(x)<fa(x)} + J dfXfa (f t{ x eX:fa(x)>fa(x)} 

< / d/jtfr tp+ dfifa <p = Xfa (ip) + 2^ (ip) 



for all ip G D(S) fl L^ with <p > 0. Now Statement U of the lemma follows. 

The proof of Statement |H] is similar. □ 

Lemma 3.3 Let £ be a diffusion on L^{X). Let ipi,ip2, . . .'X [0, oo) be measurable and 
assume that ip n A N G D (£) for all n,N G N. Define ip: X — ► [0, oo] by ip = sup ngN ^„. 
Then ip A N e D (£) for all N e N . 

Proof Since G Dq(£) for all <pi,(p2 £ Dq(£) by Lemma IH.2I11I we may assume 

that ipi < ip2 < Let iV G N. We may also assume that ip n < N for all ra G N by (J3J). 

Let L" C X compact. Since £ is regular there exist x, x G L>(£) fl C C (X) such that 
0<X<X<l,x|ir = l an d xlsuppx — 1- ^ follows from Lemma [S.2tl\ and the strong 
locality of £ that 

£(i> n AiV X ) =W(x)<y) +L 7Vx (x) < ||x||i + iV 2 £(x) 



uniformly for all n G N. Moreover, ||^ n A A^xll 2 < ^ Hxlb uniformly for all n G N. 
Hence the sequence A Nxii>2 A iV"x, • • • is bounded in D(£). Therefore there exists 
a subsequence such that lim^oo ip nk A N\ exists weakly in D(£) and lim^oo if) nk A iVx 
exists almost everywhere. By definition of ip one has lim^oo ip nk A N\ = ip A N\ almost 
everywhere. Hence ip A N\ £ D{£). In particular ip G L>(£)i oc H L^. Moreover, it follows 
from Statement (a) on page 269 of |Sim77j that 

lfa[(p) =2ip ANx (ip) < liminf T$ n an x (<p) 

fc^oo K 

= liminf 2^ (<p) < lim inf 1 1 1 % \ \ | < |M|i 

k^oo k^oo 

for all <p G D(£) fl L^c with supp <p C K and </? > 0. So ip G D (£). □ 

Lemma 3.4 Lei £ be a diffusion on L-2(X). Let X\ C X2 C . . . fre measurable subsets of 
X such that X = {J™ =1 X n . If A,B are measurable subsets of X then 

d {£) {A;B)= lim d {£) (A(l X n ;B) = inf d {£) (AC\X n ; B) . 

n—*oo ngN 
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Proof Obviously d(A HX 1 ;B) > d(A H X 2 ; B) > . . . > d(A ; B). Hence lim^^ d{A n 
X n ;B) = infn^oo d(A n X n ; S) > d(A;B). Let M G [0, oo) and suppose that M < 
inf neN d(Anl n ;B). ^^^^ 

Let e > 0. Then by Lemma 4. 2. Ill in |KRSZ05| for all n G N there exists a^e A)(£) 
such that < ip n < M, ip n \B = and ip n \Anx n > M — e. Set ip — su PneN^n- Then 
•0 G D (S) by Lemma I3~3l Moreover, > M — e and t/>|b = 0. So 

Af-e < t^(A;S) < d(A;B) . 

Since this is valid for all M G [0, oo) with M < inf ng N d(Ar\X n ; B) and all e > it follows 
that d(yi ; i?) > inf n£ N d(A H X n ; 5) and the proof of the lemma is complete. □ 

Next we develop some structural results which depend on the domination property 
assumed in Theorem 12.21 Initially we do not need to assume that I satisfies Condition L. 

We fix from now on a diffusion I over X and set 21 = D(l) n L QO (X). Define C\ as the 
cone of all positive quadratic forms h over X with 21 C D(h) satisfying 

1. h < X for some A > 0, 

2. 21 is dense in D(h), and, 

3. is strongly local and Markovian. 

Note that we do not assume that the forms h are closed or even closable. 
The first lemma shows that there is no confusion possible for h((p) if (p G _D(/)\2l under 
a mild condition that is satisfied if h G C\. 

Lemma 3.5 Let h be a positive quadratic form over X with D(h) = 21 and suppose there 
exists a A > such that h < AZ|&- Then there exists a unique positive quadratic form h 
over X with D{h) = D{1) and h\s& = h. This form h then satisfies h < XI. 

Proof The existence and the second part of the lemma are easy. 

So it remains to prove the uniqueness. Let h, h be two positive quadratic form over X 
with D(h) = D{1) = D{h) and h\ % = h = h\ % . Let s > 0. Set 

h £ = (l + eY 1 (h + eXl) and h £ = (I + e)" 1 ^ + eXl) 

Then D(h £ ) = D(l) = D(h £ ) and h e (<p) = h E (ip) for all tp G 21. Moreover, h £ (ip) < Xl(ip) 
for all <p G 21. Let cp G D(t). Since 21 is dense in D(l) there are (pi,y>2, . . . G 21 such that 
lim„^ 00 (Z(y9 — ip n ) + \\ip — jy3 n || 2 ) = 0. Since h £ is closed and h\% < Z|a it follows from jKat80j 
Theorem VI. 1.12, that ft. e (y?) = lim n _ >00 /i e (y? n ) . But similarly h e (<p) = lim n _+oo h e ((p n ). 
Therefore h e (ip) = h £ (ip). This is valid for all e > 0. Hence h((p) = lim £ ^ h £ (ip) = . . . = 
h e ((p). □ 

Corollary 3.6 If h G Ci then there is a unique h G Ci such that D(h) = D(l) and h\<% = 
%■ 

It also follows from Lemma 13.51 that for a positive quadratic form h over X with 
D{h) C D(l) one can give a characterization of the condition h G Cj. 
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Corollary 3.7 If h is a quadratic form over X with D{1) C D(h) and if A > then the 
following are equivalent. 

I. h < A Z 1 21 and 21 is dense in D{h) . 

II. h < XI and D(l) is dense in D{h). 

Next we begin the analysis of the relaxations of the forms in C\. 

Lemma 3.8 Let h G C\. Then the relaxation ho of h is a regular Dirichlet form with 
D(l) C D(ho). Moreover, every core for the form I is a core for ho- 

Proof By assumption the algebra 21 is dense in D{h). Therefore {h\<$)o = h . Since h\% 
is Markovian it follows from [Mos94], Corollary 2.8.2, that h is a Dirichlet form. 

Let h% r be the regular part of h\c& as in |Sim78j . Then 21 = D{h<& r ). Hence 21 is dense 
in D{h^ r ). But h = (/i|2t)o is the closure h^ r of the regular part h% r of h\%. So 21 is a 
core for h Q . 

Since h < it follows that ho < A (/|a)o = A/. But by the above D(l) is a core 
for ho- It then easily follows that any core for I is also a core for ho. 

Finally, since D(l) n C C {X) is dense in C (X) and D(Z) n C C (X) C L>(/i ) n C C {X) it 
follows that D(/i Q ) n C C (X) is dense both in D(h ) and in C (X). □ 

Next set h e = h + e I for all e > and h & Ci, where fa is the unique form given by 
Corollary EOH Then D(h £ ) = D{1). 

Corollary 3.9 If h G Ci then h £ is a diffusion for all e > 0. Moreover, r.lim £ ^ h £ = h . 

Proof If h < A Z 1 21 then e I < h £ < (A + e) I. Since / is closed it follows that h £ is closed. 
Therefore h £ = (h £ )o is a regular Dirichlet form by Lemma f3. 81 Moreover, 21 is a core for 
h £ and h £ \<% is strongly local. Therefore h £ is strongly local by |BH91j . Remark 1.5.1.5 and 
Proposition 1.5.1.3 (L ) =^> (L 2 ). 

If h is the unique form as in Corollary 13.61 then 

r.lim/i e = (h)o = (h\%)o = (/i|a)o = 

where we used that 21 is dense in D(h) and in D(h). □ 
Next we derive a crude L 2 off-diagonal bound. 

If E is a Dirichlet form over X then we denote by S = the semigroup generated 
by the self-adjoint operator associated with £. 

Lemma 3.10 Let h G Ci and A > with h < AZ|&- If A, B C X are measurable then 

|(^,^V)l<e-^ ld(i) ^ 2 |H| 2 |H| a 

/or all t > Q, tp e L 2 (A) and ip G L 2 (B). 

Proof For all e > the form /i £ is a diffusion with h £ < (A + e) I and D(h e ) = D(l) by 
Corollary 13.91 So 
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for all (p,ipe D(/)nLoo(X) with <p > by |KRSZ05j . Proposition 3.2. Therefore 1 1 1 \\ \ < 

lll^v^lll for all ^ G D{l) Xoc ^L^{X) = D(h £ ) loc n L^X). So (A + e)-V 2 d®(A ; B) < 

S- he) {A ; B) for all measurable A,B C X. 

The form h £ is regular by Corollary I3.9I Then it follows from Theorem I2.ll that 

for all t > 0, measurable A, B C X, up G L 2 (A) and ^ e L 2 (B). Since lim ei0 Sf e) = S ( t ho) 
strongly, as a consequence of strong resolvent convergence, the lemma follows. □ 

To exploit the L 2 off-diagonal bound we need an estimate for d^(A;B). One can 
obtain a simple estimate if I satisfies Condition L. Therefore from now on we always 
assume that / satisfies Condition L. 

Recall that if A, B C X with A ^ and B ^ then (A;B)= inf xeA inf yeB d (e) (x ; y) . 

Lemma 3.11 

I. If U,V C X are open and non-empty then d^ l \U ; V) > d^ e \U ; V). 

II. IfK 1 ,K 2 CX are compact with K l C\K 2 = ® then d {l) {Ki ;K 2 ) >0. 

Proof The first statement is easy. In order to prove the second one, we use regularity 
of the metric space X. There are non-empty open subsets U%, U 2 and closed subsets Fi, F 2 
such that K x C U x C F u K 2 C U 2 C F 2 and F 1 DF 2 = 0. Then 

! K 2 ) > S l \U x ; U 2 ) > S e \U! ; U 2 ) > &\F X ; F 2 ) > , 

from which the lemma follows. □ 

We next examine local approximations for the Markovian forms h G Ci defined by 
truncation. We adopt the definition used for Dirichlet forms and demonstrate that the 
domination property allows one to deduce many of the standard properties for the relax- 
ations. 

If h G Ci and $ G 21 with $ > then the quadratic form hq> is defined by D{h<$>) = 21 
and 

h$((p) = h{$(p, up) - 2~ 1 /i($, ip 2 ) 

for all ip G 21. This is well-defined since 21 is an algebra. Moreover, h^((p) = Z<^($) if h is 
a Dirichlet form. Now the truncation h £ § of the Dirichlet form h £ satisfies 

< h e *{<p) =T^\^) < MoohM = \m\oo(h(ifi) 

for all <f G 21 and e > 0, where we have used (jlj). But h £ <f>((p) = h$(ip) + el$(ip). Hence in 
the limit e { one deduces that 

< h*{ip) < H^Hoo h(<p) < A Halloo Ifr) (8) 

for all ip G 2t. One deduces in a similar fashion that h§ satisfies the basic Markov property: 
<p G 21 implies V </? A 1 G 21 and /i$(0 V 92 A 1) < h$(vj). Moreover, /i$ is strongly local. 
Hence h<s> G C\. 

Note that in general hq> is not a Dirichlet form as it is not necessarily closed and possibly 
not closable, even if h is a Dirichlet form. The relaxation, or viscosity closure, h$o = (h$)o 
is, however, a regular Dirichlet form by Lemma f3. 81 and the next lemma establishes that it 
is even a diffusion if supp $ is compact. 
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Lemma 3.12 Let h G C\ and $ G 21 with < $ < 1 and supp $ compact. Then h$o G Ci 
and h<$>o is a diffusion. 

Moreover, S^°^ leaves L 2 (supp $) invariant and Sf hm °\p = <p for all ip G L 2 ((supp $) c ) 
and t > 0. 

Proof For brevity write S = S^ ^. 

It follows from the foregoing that ft$ 6 Cj. Therefore hq>o is a regular Dirichlet form by 
the first statement of Lemma IH. 81 and D(l) is dense in D(h<s>o) by the second statement of 
the lemma. Next we establish the localization properties of hq>$ and the semigroup S. 

Since / is regular there are xi, X2, • • • G D{1) R C C (X) such that lim^oo \n = lsu PP <i> in 
L 2 (X) and for all n G N there is a neighbourhood U of supp $ with Xn|i/ = 1- Then 

M*n) = M^,Xn) -2- 1 /l($, X 2) = 

because /z is strongly local. Moreover 

h*o(lsu PP *) < liminf h*(xn) = • 

Therefore l SU p P $ G D(hg> ) and ^$o(lsupp$) = 0. Hence Stl SU p P $ = l SU pp$ for all t > 
and S leaves L 2 (supp$) invariant. (Cf. ERSZ04J Lemma 6.1.) Similarly, if ip G 21 then 
h £ ^((t - x n )<p) = -2- 1 /i £ ($, (1 - Xn? V 2 ) = for all n G N and e > by [BH]-locality of 
h e . So h$((± - Xn)<P) = lim ao h £ ^((t - Xn)<P) = and 

/i*o(1(bupp*)=v) < liminf - Xn)<p) = • 

n^oo 

Now let <p G L 2 ((supp $) c ). Since 21 is dense in L 2 (X) there are <pi,(p 2 ,... G 21 such that 
lim^oo^n = ip in L 2 (X). Then lim^^ l( 8upp $) C <p„ = ^ in L 2 (X). Since h$ Q is lower 
semi continuous one deduces that h$ ((p) < liminf^oo h^ (t( snpp ^)c<p) = 0. So G D(h$o) 

and h<i>o((p) = 0. Hence S^^ip = ip for all y> G L 2 ((supp $) c ) and t > 0. 

Finally we prove that /i$o is strongly local. First, if h$ < \ with A > then 

\(^S t <p)\ < e -M-WHA;Br \ mM2 

for all measurable A, B C X, t > 0, (p G L 2 (y4) and ^ G L 2 (B) by Lemma 13. 1UI and (jHJ), 
where /i = A||$|| 00 + l. Secondly, let ip,if) G D(h^> ) with suppy? and supp-0 compact 
and suppose there exists a neighbourhood {7 of suppy? such that ip\u = 1- There exists 
a x G D{1) R C C (X) such that X = suppx is compact and x|suppi/>usu P p$ = 1- Then 
h<s>o(x) = since x — lsu PP $ + xl(su PP $) c - Therefore S t x — X f° r all t > 0. Then 
(V>, V 9 ) = (Xj V 9 ) = (x> S'iV 9 ) fo r a H ^ > 0. Hence 

r 1 (/ - SMI = t-\ X - 4>, Stfp)\ < t-ie-^WiWmtf || X _ ^|| 2 ||^|| 2 
for all t > 0. But d®{K\U; supp </?) > by Condition L and Lemma 13.111 So 

\h* U>,<p)\=lxmt- 1 \U>,(I-St)<p)\=Q ■ 

Thus hq,Q is strongly local. This completes the verification that /i$ is a diffusion and 
h$ G Q. □ 
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If h £ C\ and $ £ 21 with supp $ compact and < $ < 1 write J ($) = Z (/l * o) an( j 
= d^ ^. Further let H$ and denote the operator and semigroup associated 
with the form h&o. Moreover, let Hq denote the operator associated with the form ho- It 
will be clear from the context which h is involved. Proposition 13. 12l establishes that h^o is 
a localization of h: the corresponding semigroup leaves L2(supp$) invariant. Next we 
consider the distance corresponding to the generator of the restriction of to L 2 (supp $) 
and its relation to the distance corresponding to h$o. 

Lemma 3.13 Let h £ C\ and $ £ 21 with < $ < 1 and supp $ compact. Define the form 
h on L2(supp$) by 

D(h) = {tp\ 

supp<I> • '■P 

and 

supp <E> 

for all ip £ D(h<$o). Then 

d^\A ■ B) = d {h) (A n supp $ ; B n supp $) 
for all measurable A,BcX. 

Proof Note that the form h is a conservative [BH]-local Dirichlet form. Moreover, 
D(h)i oc = D(h). If cp, tp £ D(h$ ) C then 

J Su PP *(^) = ^o^lsupp^^^isupp*) - 2- 1 /i < j, (^,^ 2 l S upp<i.) = ^i M> ,(¥>L P p#) 

since /^o(l(sup P $)<^) = 0. So |||^>i supp J|| = lll^|i PP JII for a11 ^ G ^(^o)ioc n L^. 

Let M £ [0,dW(A;S)] n R and e > 0. By |KKSZn5] . Lemma 4.2.III, there exists a 
■0 £ Do(h$ ) such that 0|b = and > M — e. Then 0| sup p$ £ D (h). Therefore 

M - e < d^(A ; B) < G^| supp4> (A n supp $;5n supp $) < d {h \A C supp $;Bfl supp $) . 

So (A;B) < d^ (A n supp $;5f1 supp $). 

Conversely, let M £ [0,ci (/l) (A n supp $ ; B C supp$)] n R and e > 0. By another 
application of Lemma 4. 2. Ill in [ERSZ05J there exists a ip £ D (h) such that ^Isnsupp* = 
and ^Ixnsupp* > M — e. There exists a ip £ D(h^, ) such that ?/>| SU pp$ = ■0. Then 
01su PP <i> £ D (h<s> ). Moreover, ^i*| ipp<f)) c nA = by the last part of Lemma 13.121 Let 
r = (M — e)l( SU p P $)cnA + ^Isupp*- Then r £ D (h^ Q )i oc by ERSZ05j. Lemma 3.3.1, 
t\b = and t\a > M — e. Therefore 

M-e < d T (A ; B) < d^{A;B) 

and d^ (A n supp $;Bn supp $) < ( A ; 5) . □ 

Now we can make the first key deduction in the proof of the theorem. One can apply 
the results of Hino-Ramfrez I) lR()3j to the form h in Lemma 13.131 

Corollary 3.14 Let h £ Ci and $ £ 21 with < $ < 1 and supp $ compact. Let A, B C X 
be measurable with A,BC supp $. Then 

HmtlogOU, Sf = -A' x d^\A]B) 2 . 
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Proof This follows from Lemma 13. 131 and [HR03], Theorem 1.1. 



□ 



The next idea is to take a limit over the localizations $ as $ increases monotonically 
to the identity function. This involves analyzing both the limit of the semigroups and 
of the distances It is not difficult using arguments of monotonicity to deduce that the 
strong limit of the semigroups and the pointwise limit of the distances d^> exist. But 
we also have to identify the limits with the semigroup and distance corresponding to the 
relaxation and to control simultaneously the small time behaviour. The key to this analysis 
is the observation that the associated wave equations have a finite speed of propagation 
(see |KRSZ04| . Proposition 3.2). 

If A C X with A ^ and r > set 

& e \A-r) = {x G X : d {e \x;A) < r} , 

where d^ e \x ; A) = inf {\x — a\ : a G A}. Note that B&{A ; r) is closed since x i— > d^ (x ; A) 
is continuous. Since h§ < ||$||oo^|a by © one has h$ < Halloo (^la)o — ll^lloo^o? so 
clearly D(h ) C D(h 90 ) if $ G D(l) n with $ > 0. 

Proposition 3.15 Let h G Ci, A > and $ G 21 and suppose that h < < $ < 1 

and supp $ is compact. Further let A C X measurable, Q C X open with ^ A C f2 and 
suppose $|n = 1- T/ien 

cos(tif 1/2 )^ = cos(t^ / 2 V (9) 

/or all t e K with \t\ < A _1/2 d (e) (,4 ; ST) and <p G L 2 (A). Moreover, if ip G D(h$ ) and 
supp-0 C £/ien G D(h ) and h (ip) = h^Q^ip). 

The proof of the proposition relies on two lemmas. 

Lemma 3.16 Let h G C\ be a diffusion, A > with h < and let H denote the 

corresponding positive self-adjoint operator. If A C X is open with A ^ then 

cos(tH 1 / 2 )L 2 (A) cL 2 (& e \A;\ 1,2 \t\)) 

and 

(tH 1 ' 2 )- 1 sm(tH^ 2 )L 2 (A) C L 2 (B^(A ; A 1/2 |t|)) 

/or aiZt G R\{0}. 

Here and in the sequel the operator formally denoted by (tH 1 ^ 2 )^ 1 sin(ti7 1 / 2 ) is properly 
defined by spectral theory, even if H = 0. 

Proof It follows from Lemmas 13 . 1 01 and 13 . 1 llll that 

i(^^V)i< e - (4A4) " ld(e)(A;B)2 i^ll 2 ^ll 2 

for all t > 0, non-empty open B C X, if G L 2 (A) and ip G L 2 (B). Therefore 

(V>, cos(tH 1/2 )<p) = 

for all non-empty open 5 Cl,^eL 2 (i)ie ia(-B) ancU G Rwith |i| < X' 1 ' 2 d^(A; B) 
by |KRSZ(14] . Lemma 3.3. Hence if r > 0, -0 G C c (.B( e >(4 ; r) c ) and <p G L 2 (A) then 
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(if), cositH 1 / 2 )^) = for all \t\ < A x l 2 r. This implies the first identity. The second 
identity follows from the observation that 

(V>, (tH 1/2 )~ l sm{tH 1/2 )<p) = r 1 [ ds {iff, cos(s# 1/2 )</?) 

Jo 

combined with the first identity. □ 

Lemma 3.17 Let h G C\ be a diffusion and let H denote the corresponding positive self- 
adjoint operator. If Ad X is open then D(H) R L%(A) = L 2 (A). 

Proof We may assume that 4 / |. Let A > and suppose that h < AZ|gi- Let 
if G C c (Al with tp^O. For all t > set tp t = {t 2 H)~ l sin^iff 1 / 2 )^. Then <p t G D(H) and 
(ft G L 2 (B^ (snpp<p; 2 X 1 / 2 \t\)) for all t > by Lemma ETIE1 Hence G L 2 (A) if t > 
is small enough. Finally, lim^ <ft = V 9 by spectral theory. So C C (A) C D(H) fl L 2 (y4) and 
the lemma follows. □ 

The conclusion of the last lemma is very useful since it shows that the operator domain 
contains abundant functions with compact support. 

Proof of Proposition 13.151 Fix e > 0. We begin by comparing the actions of the 
operators H £ and H<$, e corresponding to the diffusions h e and h§ £ associated with h and 
h$ (see Corollary 13. 9|) . 

First assume that A is an open subset of X and let r G (0, (A + e)~ 1 ^ 2 d^ e \A ; fi c )). Fix 
tp G L 2 (A). Then it follows from Lemma 13. 161 applied to h £ that 

cos{tHl' 2 ) V G L 2 (B^(A ; (A + e) 1 ' 2 \t\)) C L 2 (B^(A ; (A + s) 1 ' 2 r)) C L 2 (0) 
for all t G (— r, r). 

1 /2 

If in addition G D[h £ ) = D{1) then cos(tH £ )<p G -D(Z)- Thus if one sets = 

1 /2 

(— n) V cos(tH £ ' )(p A n for all n G N one has <£> n G D(l) fl L^pf) = 21 and supp<£>„ C 
B^ e \A ; (A + e) 1 / 2 r). Since I is regular there exists a x G 21 with < x < 1) supp ^Cll 
and xlgW(Ai(A+e)V3 r ) = L Let ^ e 21. Then ^ 21 and h$ E (ip,(p n ) = h$ £ (xip,<Pn) by 
locality. But 

by the definition of h<$> and the assumption = 1 . Therefore 

h* e (if>,<p n ) = h £ (xip,¥n) = h £ (if;,ip n ) 

where the second identity follows by another use of locality. Then the limit n — > oo gives 

h^ £ ^, C os{tH l J 2 )ip) = h £ (tf;,cos(tH¥ 2 )<p) 

for all ip G 21, (p G £>(/t e ) n 1,2 (A) and t G (-r,r> by [K( ) l 94j . Theorem 1.4.2(iii). 
Let ip G D(H e ) fl L 2 (A) and t G (— r, r). Because 21 is a core for h$ £ one has 

/^ £ (V;,cos(t# £ 1/2 V) = /i £ (^,cos(iff £ 1/2 V) = ^, C os{tHl /2 )H £ ip) 
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for all ip G D(h$ £ ). Since the form h$ £ is closed it follows that cos(tH £ )(p G D(H$ £ ) and 

H^ £ cos{tH l J 2 )<p = cos(tHl /2 )H £ <p (10) 

for all t G (-r,r) and y> G £>(# £ ) n L 2 (A). 

Next let ip G £>(fT e ) n L 2 (A) and for all t G R define 

Xt = CQB(tHy 2 )cp - cosfttfj^ • 

Clearly ||xt|| 2 < 2 ||(/?|| 2 for all t 6 R. Let t/> G D(H$ e ). Then r: i i— > (i/),Xt) is twice 
differentiable and r(0) = r'(0) = 0. Moreover, 

(V»,Xt) = f dt t f dt 2 r"(t 2 ) 
Jo Jo 

dh J 1 dt 2 ((#* e V, cos(* 2 ^)^) - (V>, cos(t 2 # e 1/2 )L^)) 



dti / dt 2 (H^ £ ip,Xt 2 ) 





for all t G (— r, r), where we used flTUj) in the last step. Now assume that ^ is a bounded 
vector for iLj, £ , i.e., -0 G _D(iL£ e ) and there exists a 6 > such that ||if^ e ^|| 2 < b n 
for all n G N. Then by iteration one deduces that 

l(V , »Xt)l= / dh... dt 2n (H% £ ip,xt 2n ] 
Jo Jo 

< 2 \t\ 2n (2n)r 1 ||^ E V|| 2 || < 2 \t\ 2n (2n)r 1 b n \\<p\\ 2 

for all n G N and t G (— r, r). Taking the limit n — > oo it follows that (i(),Xt) — for all 
bounded vectors ^ for H$ £ and t G (— r, r). Since the bounded vectors for H$ e are dense 
in L 2 by spectral theory one deduces that cos(tH^ 2 )ip = cos(tH £ ^ 2 )(p for all t G (— r, r) 
and G -D(# £ ) H L 2 (A). Hence 

cos(tHl /2 )(p = cos(tif e 1/2 )v 

for all t G (— r, r) and G L 2 (v4) by Lemma f3. 171 since A is open. 

Let (p G L 2 (A). Then cos(tH £ ^ 2 )(p = cos(tH^ 2 )Lp for all e > and for all t with 
|t| < (X + e)- 1/2 d^(A;n c ). Therefore 

cos(tH^ 2 )(p = \imcos(tHy 2 )(p = \imcos(tH^' 2 )(p = cos(tHl/ 2 )(p 

ej.0 " ' ej.0 

for all \t\ < X^ 1 / 2 d( e \A;Q c ) by strong resolvent convergence of H £ to H and of iLj, e to 
Hq>o (see |R.S72j . Theorem VIII. 20 and Corollary 13. 9j) . Then the first statement of the 
proposition follows if A is open. 

If A is not open then for all 5 G (0, d^{A ; VL C )) one can apply the above to the open 
set B^(A ; 5) = {x G X : d (e) (x ; A) < 5} and deduce that © is valid for all tp G La (A) 
and |t| < \-V 2 dto(Bto (A Since lim 5i0 d (e) (£ {e) (A ; 5) ; IF) = d^{A-Vt c ) by the 

triangle inequality the first statement of the proposition follows for general A. 
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The last statement of the proposition follows since 

D(h ) = {(f G L 2 {X) : sup 2 r 2 (<p, (7 - cos(t# 1/2 ) V) < oo } 

*e(o,l] 

and h (ip) = lim^Q 2t~ 2 (ip, (I — cos(tH^ 2 ))(p) for all ip G D(h ), with a similar expression 
for h$ . □ 

The proposition has three very useful corollaries. The first corollary establishes the 
first statement of Theorem T 



Corollary 3.18 If h G Ci then h is a diffusion. In particular, ho G C/. 

Proof By Lemma 13.81 it remains to show that ho is strongly local. Let tp,ip G D(ho) 
with supp and supp ^ compact and ip is constant on a neighbourhood of supp ip. Since Z 
is regular there exist $ G 21 and an open Q C X such that supp(<^ i ^) C fl, < $ < 1, 
supp $ is compact and $|n = 1. Then hq, oi^P , <fi) = by Lemma 13.121 But ho(p> ± if)) = 
/z$ (v J =t by the last part of Proposition 13.151 Therefore ho(if>,<p) = h$ (ip,<p) = by 
polarization and symmetry. □ 



Corollary 3.19 Adopt the assumptions of Proposition U. 1 51 If if) G D(h$o) fl roi/i 
supp^ C n then \\\lf o) \\\ = IH^III. 

Proof Since / is regular there exists a r G D{1) fl such that < r < 1, t| supp ^ = 1 
and suppr C Q. Let <p G -D(7i$o)ioc fl Ax>,c- Then p>r E D(h$ ) fl and i/itG D(h ) by 
the last part of Proposition 13.151 Hence by strong locality and Proposition 13.151 one has 

X^(<p)=lf\p>r) = h* {if><PT,if>) - 2-% (^t,^ 2 ) 

= ho(if)<pr,if)) - 2- 1 h ( V r,i) 2 )=il p ho) ^r) . 

So 



I^^Uiii^iiiibrii^iiiz^iiiiMK 



and < |||2i , |||. The opposite inequality is similar. □ 

The third corollary establishes that the semigroups converge strongly to the semi- 
group associated with the relaxation ho- 



Corollary 3.20 Adopt the assumptions of Proposition 1X751 Then 

||Sf°V-SfVl| 2 <2e-( 4 ^ M |M| 2 
for allt>0 and <p G L 2 {A), where r = A _1/2 d( e \A ; Q c ). 
Proof This follows from the identity 

POO 

Sf °)<p = (yrt)- 1 / 2 / ds e ~W ls2 cos(s# 1/2 V (11) 
Jo 

and Proposition 13 . 1 5l □ 

Corollary 13.201 gives good control over the semigroups as $ — > 1 and indirectly 
it gives control over the distances. We first deduce that the distances d^(A;B) become 
independent of the choice of $ as $ — > 1 with A and B fixed. 
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Lemma 3.21 Let h G Ci, A > and $, \1/ G 21 and assume that with h < < 

$, ^ < 1 and supp$ ; supp ^ compact. Further let A, B C X measurable, Q C X open 
with ^ A C fi, B C supp $ H supp \l/ and suppose $|n = ^Iq = 1. If 

(A;B)y dW (A ; 5) < A- 1/2 d (e) (A ; fi c ) 

iaen d(*)(A;.B) = d<*>(A;£). 

Proof It follows from Proposition 13.151 that 

cos(tiJ^,Q 2 )v9 = cos(tH^ 2 )(p = cos(tif4 / 'o )V 3 

for all t G R with \t\ < \- l/2 d^ e \A ; fi c ) and <p G L 2 (A). Hence it follows as in the proof of 
Corollary E20 that 

II c(*) o(*) II ^ o -WtTV 2 n || 

||S£ V ~ 5 t Vila < 2e 1 > \\<p\\i 
for all t > and ip G L2(A), where r = A _1//2 d^^A ; f2 c ). In particular, 

\(l B ,S?h A ) - (t B ,S^t A )\ < 2e~^ 2 \A\^ \B\^ 

and 

(1 B , S?h A ) < (l fl , Sf } 1 A ) + 2 e-^" 1 '' 2 |A|V3 |fl|V2 

< e -{At)-^dW{A;Bf 1^.1/2 |_B|l/2 + 2e -( 4 *)^ 2 Ml 1 / 2 |_g|l/2 

< 3 |A| 1/2 |5| 1/2 e-^r 1 ^*^) 2 

for all t > 0, where we used the Davies-Gaffney bounds of Theorem 12. II in the second step. 
It follows by Corollary EH and Lemma O that d^{A;B) > d^(A;B). The converse 
inequality is valid by a similar argument. Hence the distances are equal. □ 

Identification of the limit of the distances corresponding to the localizations relies on 
the construction of certain cut-off functions and this construction is dependent on the 
topological assumption. The subsequent argument follows similar reasoning in [BM95 , 
Section 3, and [Stu95j, Appendix A. 

Lemma 3.22 Let y G X and define ip:X — > [0, oo) by if>(x) = d^ e \x ; y). Then if> A iV G 
D (l) for allN G N. 

Proof Since X is separable there are yi,y2, • • • G X such that {y k : k G N} dense is in 
X. Let n G N. Then X = \J™ =1 B {e \y k ; n' 1 ). Let k G N. By definition of d (e) there exists 
a tp nk G D (l) n C b (X) such that if> nk {y) - ip n k(yk) > d {e \y ; y k ) - n _1 . Then 

if) nk {x) + d {e \x;y) < ip nk {x) -4>nk(yk) + ipnkiVk) + d {e) (y;y k ) -d {e \y;y k ) + d {e) (x;y) 

< S e \x;y k ) +^ nk {y) +n- 1 + d {e) {x;y k ) < 4) nk {y) + In' 1 

for all x G B(y k ; n' 1 ). Set ip nk = (ip nk (y) - ip nk ) V 0. Then ip nk G D (l). Since ip nk (y) - 
ipnki.x) — d^ e \x ; y) for all x G X one has 

0<4>nk(x) <S e \x;y) 

for all x G X. Moreover, if a; G -B(?/fc ; n _1 ) then 

4>nk{x) > 1pnk{y) ~ ^nk{x) > d {e \x\y) - 3 n' 1 . 

Hence if) = sup ngN sup fcgN ip nk and the lemma follows from Lemma l3~3l □ 
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Corollary 3.23 If K C X is compact and e > then there exists a ip £ D(l) D C C (X) 
s«c/i i/ia£ < ^ < 1, i/)\k = 1 lll^^lll < £ - 

Proof We may assume that K ^ 0. Let y £ K. There exists an M > such that 
S e) (x;y) < M for all x <E K. Define ^(x) = V (iV - e 1/2 S e \x ; y)) A 1 where N = 

I + E 1 / 2 M. Then the corollary follows from Lemma f3. 221 □ 

At this point we are prepared to prove the second statement in Theorem 12.21 The first 
step in the proof is to identify the limit of the distances corresponding to the localizations 
as $ increases to the identity. 

Lemma 3.24 Let h G C x . Fix x G X. Let $ 1( $ 2 , . . . G 21 be such that < $i < $ 2 < 
. . . < 1, suppose ^ n \B^)(x;n) = 1 an< ^ supp $ n compact for all n G N. Le£ A,B C X be 
relatively compact and measurable. Then d^ h °\A ; I?) = d^ n '(A ; 5) /or all large n G N. 

Proof One has ; B) < d^ n +^(A ; 5) < S* n \A ; B) for all n G N by ©, Corol- 

lary E2S1 and Proposition 5.1 of [ERSZ05 . Hence 

d (ho \A ; B) < inf S* n) {A ; B) = lim d^ n) {A ; B) . 

Let M G [0, oo) and suppose that M < ird neN d^ n \A;B). Let e G (0,1]. By Corol- 
lary 13.231 there exists a x £ -^(0 H C C (X) such that < x < 1? xUub = 1 and 

I I \lfp \\\<e 2 . There is an n G N such that supp x C £ (e) (x ; n). Then M < ; B), so 
by |KRSZ05| . Lemma 4.2.III, there exists a i/j G D (h$ n0 ) such that < V < M, ip\ B = 
and -^U — M — e. Then x^P £ D(h$ n0 ) fl Loo. Moreover, it follows from Corollary 13.191 
and ERSZ05J, Lemma 3. 3. II, that 

lll^lll = lll^lll < (i + e)\\x\\l Hl^ill + (i + OII^HL lll^lll 

< (l+£) + (l + ^ 1 )M 2 A|||X^ ) ||| <l + ]Ve 

where X = 1 + 2M 2 A and A > is such that h < So (1 + iVe)- 1 / 2 ^ e D (h ). 
Therefore 

(1 + Ne )-V\M -e)< d {1+N e) -y^{A ; B) < S h °\A ; 5) 
and M < d (ho) (A;B). Thus 

d (/lo) (A ;J B) = inf S* n) {A;B) = lim . (12) 

If d^(A ; B) = oo then obviously rf( ho )(A ; 5) = d^ n) (A ; 5) for all nGN. Alternatively, 
if d^ h °\A ; B) < oo then the lemma follows from Lemma [3. 211 together with (|12p. □ 

At this point we have control over the limits of the semigroups and the distances 
cr*) associated with the truncated forms. 

Proof of Theorem 12.21 Since, by hypothesis, h G Ci and I satisfies Condition L the 
foregoing results are applicable. Let A > be such that h < Xl\%. 
It follows from the Davies-Gaffney bounds Theorem 12.11 that 

tlog(t A ,Si ho) ± B ) < -A- l d {ho) (A;B) 2 
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for all t > 0. If d^(A;B) = oo then (JZ|) is obviously valid. So we may assume that 
S ho \A ; B) < oo. Then in particular A 7^ 0. 

Fix 2 G X. Let $1, $2, ... G 21 be such that < $1 < $ 2 < . . . < 1, $n\ B (e)( X ; n ) = 1 
and supp$ n is compact for all n G N. Let £ > 0. By Lemma f3.24l there exists aniiGN 
such that (A;B)= d(*»> (A ; 5) and r 2 = A" 1 rf( e ) (A ; P» (x; nf) 2 > d^ (A;B) 2 + 8e. 
Then 

|(l^,^f o) lB) - (lA^f n) l B )| < 2e-W- M (A) 1 / 2 l^ 1 / 2 
for all i > by Corollary 13.201 Moreover, by Corollary 13. 141 there exists a to > such that 

tlog(± A ,S^ n h B ) > -A^d^^Bf-s 

for all t G (0,to]- Then 

5f o) 1 b ) > (t A , S$* n h B ) - 2e-^" lr2 (A) 1 / 2 \B\ 1 ' 2 

> g-C^-MC*")^^) 2 g-ei" 1 _ 2 e -(4t)-V 2 |^|l/2 |_g|l/2 
-(4t)- 1 d( h o)(A;B) 2 p -et-^ A, _ g g-rf" 1 |_g|l/2 



for all t G (0, to] ; where we used d <yh °\A ; I?) 2 + As — r 2 < —As in the last step. There is a 
*i > such that 2e~ 6 ^ 1 |A| 1/2 (P) 1 / 2 < A~\ Then 

(l A ,5f o) l B ) > 2 ^e~^- ld(h0) ^ 2 e"^ 1 

and 

tlog(l A ,Sf o) l B ) > -4- 1 rf (ho) (A;5) 2 -e-tlog2 
for all t G (0, to A ti]. This completes the proof of Theorem 12.21 □ 

Proof of Corollary 12.41 We may assume that \A\ 7^ and \B\ 7^ 0. If (p,ip G L 2 (X) 
then Pa?/> G ^(A) and Pb<£> G L 2 (B). So by the Davies-Gaffney bounds of Theorem I2.ll 
one deduces that 

K^Pa^Pb^I = \{P A ^,S t P B( p)\ 

< e-^ ld ^ 2 ||P^|| 2 ||P^|| 2 < e-W" 1 ^ ||^|| 2 IMI2 • 

Hence 

lim sup t log || P^Pb || 2-2 < -A~ 1 d(A ; B) 2 . 
tio 

So it remains to show that 

-A^diA-B) 2 <\immit\og\\P A S t P B \\ 2 ^2 ■ (13) 

Let A C A and B C 5 be measurable and relatively compact and assume that |A | > 
and I -Bo I > 0- Then 

(t Ao ,s t t Bo ) = (i Ao ,p A s t p B i Bo ) < |A | 1/2 ||p^Pb|| 2 -,2 |p | 1/2 
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for all t > 0. So 

lim inf t log \\P A S t P B \\ 2 ^ 2 > lim inf (t log(l^ , S t t Bo ) - 2" 1 * logfl A 1 |fl„ 1)) 

= -4" 1 rf(A ;5o) 2 

by Theorem E2 Now fix x G X and choose i = An B^(x ; n) and B = B n B {e \x ; n) 
with neN large enough. Then 

lim inf t log 1 1 P A S t P B || 2 ->2 > - lim 4" 1 d(A n 5 {e) (x ; n) ; 5 n B (e) (i ; n)f 

= -A- l d(A;B) 2 

where the equality follows from Lemma f3 .41 This proves (fT3"j) and the corollary □ 

Now we turn to the proof of Theorem 12.51 First we use the continuity assumption 12 . 5ill 
of the theorem to identify the distance. 

Lemma 3.25 If D (l) C C(X) then d®(A;B) = S e \A;B) for all non-empty open sub- 
sets A,B C X. 

Proof Let M G [0,S l \A;B)\ n R and e > 0. Then by |KHS/n5| . Lemma 4.2.III, 
there exists a if) G D (l) such that i])\ B = almost everywhere and if>\ A > M — e almost 
everywhere. Since Dq{1) C C(X) it follows that if) G D{l)\ oc fl Cb(X). Moreover, since A 
and B are open one has if)\ B = and if>\ A > M — e pointwise. So \if)(x) — if>(y)\ > M — e 
for all x G A and yeB.lt follows that d {e \A ; B) > M — e and <f( e )(4 ; 5) > ; B). 

The converse inequality is trivial (see Lemma f3.1lil|) . □ 

Proof of Theorem 12.51 Let x ,y G X and e G (0,1]. Choose A = B^ e \x ;e) and 
B = B^(y ;e). Let t G (0,4 -1 T]. Then by assumption ITT1 of Theorem 12.51 and symmetry 
of the kernel 

K t (x ■ y ) < K (1+£)t (x ;y){l + ef e^ 1+£t ^ 
<K {1+£)2t (x;y)(l + e)^e 2 ^ 1+ ^ 

for all x G A and y G B. So 

K t (x ;y )< lAHzr 1 / rfy tf (1+e)2t (a ; y) (1 + e) 2 ^ e^^ 1 ) 

J A JB 

= lA^lBl-'il + sY^e^^Husfl^tB) . 

Therefore 

t log # t (ar ; y ) < t \og(t A S^ +£)H t B ) - t \og(\A\ \B\) + 2 v t log(l + e) + 2 t + 2 e 
for all t G (0,4 _1 T]. Since \A\, \B\ > one deduces from Corollary 12.31 that 

limsup tlogK t (x ;y ) < -4 -1 (l + £r) _2 d ( ' ) (A ; B) +2ue = -4 _1 (1 + e)- 2 d {e \A ; B) +2ue 
tio 
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where we used Lemma 13.251 in the last step. But 

S e \x ,yo)-2e < d^{B^\x, ;e) ; B^(y ;e)) < ^(io )JA ,)+2e 

by the triangle inequality. So taking the limit £ J, one establishes that 

limsup t\ogK t (x ;y ) < -A~ l d {e \x , y ) . 
t|o 

Since, by an analogous argument, 

K t (x ; y ) > K {1 ^ )H (x ;y)(l + e)~^ e~^ 1+£t ^ 

for all t E (0,T], e E (0,1/2), x E B&(x Q ;e) and y E B^(y ;e) one deduces similarly 
that 

liminf t\ogK t (x ; y ) > -4 _1 rf (e) (x , y ) • 
So lim t ; tlog^(x ;2/ ) = (x ,2/o) and Theorem |2Ji| follows. □ 

4 Applications 

Theorems 12 . 21 and 12 . 51 have a broad range of applications to second-order, divergence- form, 
elliptic operators both degenerate and non-degenerate. First we discuss the application to 
operators on RA 

Let Cij be bounded real- valued measurable functions on R d and assume that the d x d- 
matrix C = (cij) is symmetric and positive-definite almost-every where. Define h by 

d 

M^) = ^2(9i(p,Cijdj(p) 

where d,i = d/dxi and D(h) = W 1,2 (R d ). Then h is a positive form which is strongly 
local and Markovian. It is not in general closed or even closable. A characterization of 
closable forms in one dimension can be found in [FOT94|. Theorem 3.1.6, and sufficient 



conditions in higher dimensions are given in |FUT94j . Section 3.1 (see also |RW85j or 



[MR92], Chapter II). Nevertheless, h < XI where A denotes the essential supremum of the 
matrix norms ||C(a:)|| and / is the form of the usual Laplacian on R d , i.e., D{1) = W 1,2 (R d ) 
and 



«=£ II Wl' = liv^ 

for all ip E D(l). 

First, consider the case of strongly elliptic operators, i.e., assume that C >\il almost 
everywhere, with fi > 0. Then one has XI > h > fil and the form h is closed on W 1,2 (R d ). 
It follows readily that h is a diffusion satisfying Condition L and the distance d^ is the 
Riemannian distance corresponding to the metric C _1 . Moreover, Conditions III and ITT1 of 
Theorem 12.51 are valid. The latter condition follows from the parabolic Harnack inequal- 
ity (see, for example, |SC02j . Chapter 5 and in particular Corollary 5.4.6). Therefore 
Varadhan's small time asymptotic result (0) follows for each strongly elliptic operator by 
Corollary 12.31 and Theorem 12.51 
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Secondly, consider degenerate operators. Thus C > almost everywhere but this is 
the only coercivity condition. Nevertheless, h is a strongly local Markovian form and 
h < A Z|at- Therefore Theorem 12.21 is directly applicable to h with no further assumptions 
on the coefficients. It then follows that ho is strongly local and the asymptotic identification 
(J2J) is valid. Further detail on the asymptotic behaviour requires more detailed analysis of 
the set-theoretic distance dS h °'(A ; B). In the degenerate situation the set XJ h = {x G R d : 
||C(a;)|| = 0} may have non-zero measure and the diffusion associated with the relaxation 
ho occurs on the closure of the complement H d \Uh- In fact the effective space of the 
diffusion can be smaller since sets of capacity zero act as obstacles jRS05 . 

The properties of the distance dS h '{A]B) can be understood for non-degenerate, or 
weakly degenerate, elliptic operators. In particular it can be analyzed for subelliptic oper- 
ators in quite general situations. 

Let M be a Riemannian manifold and Xi, . . . ,X n smooth vector fields on M. Each 
such vector field X defines a closed linear partial differential operator, also denoted by X, 
on L 2 (M). Now consider the form 

d 

%) = ^ ||A>||1 = |l IW>|||^ 

i=l 

with D{h) = PliLi D(Xi) and V<£> = (X^, . . . , X n <p). The form is automatically closed 
regular and strongly local. Next assume the form is densely-defined and that the vector 
fields satisfy the Hormander condition of order r. It follows readily that if> G Do(h) if and 
only if \Vip\ G L^M) and |V?/>| 2 < 1 almost everywhere. But it then follows from RS76 , 
Theorem 17, that if) is locally Lipschitz. In fact it has a Lipschitz derivative of order 1/r. 
Consequently, D (l) C C(M). Thus the first assumption of Theorem 12. 51 is verified in quite 
general circumstances. The second assumption is also verifiable in many situations as it 
is a consequence of a parabolic Harnack inequality. As a specific illustration we give an 
application to subelliptic operators on Lie groups. 

Proposition 4.1 Let X\, . . . ,X n be right invariant vector fields on a Lie group G which 
satisfy the Hormander condition, i.e., the vector fields generate the Lie algebra of G. For 
all i,j G {1, . . . ,n} let Cij = Cji G L 00 (G) be real valued and assume there is a \i > such 
that (cij(g)) > \il for almost every g G G. Define the quadratic form h on L 2 (G) by 

n 

Kv) = ^(Xiip^ijXjip) 

with form domain D(h) = f]" =1 D(Xi) . Then the form h is a diffusion satisfying Condi- 
tion L and the assumptions of Theorem \2.5\ are satisfied. Hence 

lim tlogK t (gi ; g 2 ) = -4:' 1 d(g 1 ; g 2 f 

for all gi,g 2 G G, where K is the kernel of the semigroup generated by the operator H 
associated to the form h and 

d(gi ; g 2 ) =sup{|^(<?i) - i>{g 2 )\ 4> e D{h) loc n C h (G) and |||J^||| < 1} . (14) 
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Proof It is straightforward to check that h is a diffusion. Note also that h is bounded 
above and below by multiples of the form 



i=l 



associated with the sublaplacian given by the vector fields. Therefore the distances d^ 
for I and d (defined by (|14p) for h are equivalent. Condition L and the first assumption 
of Theorem 12.51 for the form I and then also for the form h follow since the vector fields 
satisfy the Hormander condition. The second assumption of the theorem follows from the 



parabolic Harnack inequality (again see [SC02J, Chapter 5 and in particular Corollary 5.4.6, 
or the first remark following Theorem 4.4 on page 35-36 in |SC92j ). □ 

Next we note that Norris' result on the small time behaviour of the Laplace-Beltrami 
operator can also be deduced from our results. Let M be a rf-dimensional Lipschitz Rie- 
mannian manifold with Borel measure \x which under some chart is locally equivalent with 
the Lebesgue measure. Further let I denote the Dirichlet form 

/ d/i|V^| 2 

J M 

where V denotes the usual gradient and D(l) = W 1,2 (M). The corresponding self-adjoint 
operator on L 2 (M) is the Laplace-Beltrami operator for M. Using a local coordinate 
chart one easily argues that ip G fl and |||X^||| < 1 if and only if ip G W 1 ' 00 and 
||V^||oo < 1. In particular Dq(1) C C(M). Since the Riemannian distance on M is given 
by 

d(x ; y) = sup{#(a;) - ^{y)\ : i> E W 1 '™ , ||W||oo < 1} 

it follows that Condition L is satisfied. Moreover, the parabolic Harnack inequality is 
valid (and is used in the proof of Norris (see |JNor97j . page 87)). Therefore, by the above 
reasoning, one can apply Theorem 12.51 to establish 

lfm tlogK t (x ; y) = —A^ 1 d{x ; y) 2 

for all x, y G M. Note that as in Norris' argument this proof requires neither smoothness 
nor completeness of M. 

Finally we note that the asymptotic estimates can be extended to operators with lower 
order terms by various arguments such as perturbation theory. For example, if h is a 
Dirichlet form and v the form of a real, positive, bounded multiplication operator V then 
the Trotter product formula 

Sl h+V) = lim (S^S^ T . 

* n ^oo V t/n t/nJ 

Therefore one deduces from positivity of the semigroups that 

Sf ) e -*IM|oc < s (h+v) < s (h) (15) 

for all t > 0. Hence 

lim tlog(l A , Sl h+v) t B ) = lim t log(l A , h B ) (16) 
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for all relatively compact measurable subsets A and B. Thus the small time asymptotics 
is independent of v. 

Next, if h is a regular Dirichlet for and v is the form of the operator of multiplication 
by a real, positive, locally bounded measurable function V, then obviously h + v is densily 
defined. But in addition h+v is closed by |Sim78j Theorem 4.1, since the closed forms h+v n 
converge monotonically upwards to h + v, where v n denotes the form of the operator of 
multiplication by the bounded function V tx n and Xi C X 2 C . . . are measurable subsets 
of X with X = {J™ =1 X n . 

These observations extend to the following result. 

Proposition 4.2 Let h be a positive form satisfying the hypotheses of Theorem \2.<\ and 
with D(h) = D(l). Further, let v be the form of the operator of multiplication by a real, 
positive, locally bounded measurable function V. Then 

{h + v)o = h + v = r.lim {h £ + v) 

£^0 

and 

lint tlog(l A , S [ t {h+v)o) t B ) = -A^d^iA ; B) 2 
for all relatively compact measurable subsets A and B. 

Proof First, h + v is closed, densely-defined and h + v < h + v < h £ + v for all e > 0, 
where in the second inequality we use the additional assumption D{h) = D(l). (Recall that 
by definition D(h £ ) = D(l).) Therefore ho + v < (h + v )o < h where h = r.lim e |o(^£ + v ). 
We now establish the first statement of the proposition by proving that h = h^ + v. 

Let Vt\ C ^2 C . . . be open relatively compact subsets of X such that X = U^°=i ^n- 
For all n G N let v n denote the form of the operator of multiplication by the bounded 
function V t nn . Let e > 0. Set h £>n = h £ + v n for all n 6 N. Then sf s,n) < Sf e) for all 
t > bv (fTKjl and 

{t A ,sl hs ' n h B ) < (i A ,s^h B ) < e ^r^HA-,Bn4tr^ Al i/2 lBl i/2 

for all non-empty open A,BcX and t > where the second bound follows by Lem- 
mas ESI and E^3U and A > is such that h < AZ|gi- Hence the positive self-adjoint 
operator H £ n associated with h e>n has a finite speed of propagation. Explicitly 

(^,cos(tiJ £ 1 / ri 2 )^)=0 

for all non-empty open A, B G X , all ip G L 2 (A), if) G L 2 {B) and all t G R with \t\ < 
(A + e) _1//2 d^ e \A ; B) by [ERSZ04J, Lemma 3.3, and the assumptions on h. Then arguing 
as in the proof of Proposition 13.151 one deduces that 

cositH 1 ^ = cos{tH l £ £)cp 

for all n,m G N, measurable A C X, ip G L2(A) and i 6 R with m > n, ^ i C fl„ 
and \t\ < {\ + e)~ l/2 d^\A-Vt c n ). The proof is a repetition of the arguments used to 
prove Proposition 13.151 but now one also uses locality of v n and v m . Therefore using the 
representation (jll)) one obtains an estimate 

l|sf" n V - s^ m) <p\\ 2 < 2e~^ lr " y\\ 2 
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for all n, m G N, measurable A C X, ip G ^(A) and £ > with m > n, I / i C fi n , 
where r n = {X + e)- 1 / 2 d^{A;Q c n ). Now if m — > oo then /i em converges monotonically 

upward to /i e + u. Hence converges strongly to sj: he+v ^ by |Sim78j . Theorem 3.1. 

But St converges strongly to as e J. and S^ hs converges strongly to g^ ^™) as 
£ j because r.lim £ j ^e,n = + ?V Combining these observations one deduces that 

HSf^V - S'fVlh < 2e-^" r " |M| 2 (17) 

for all n G N, measurable A C X, <p <E L 2 (A) and t > with f) ^ I C fi„. Finally 
r.lim n ^ 00 (/?,o + i> n ) = + by monotone convergence and as r n , — > oo as n — > oo one 
concludes that sf^V = S*\ for all <p G L 2iC (X) and t > 0. Thus S ( t ho+v) = sf } for all 
t > 0. Hence h = h + v. 

Finally we deduce from ()15|) that 

(USflB) = (±A,S ( t h0+V) l B ) < (l A ,Sl h0) t B ) < e -^HA;B^m- l \ A \l/2^1/2 

for all non-empty open A, B C X and £ > 0, where the last bound uses Theorem 12.11 
Finally the proof of the proposition is completed by repeating the arguments used above 
in the proof of Theorem Q with S {h(>) replaced by S {h) and replaced by S^ ho+Vn \ The 
equality (fTHjl and inequality ([TTJl replace Corollaries 13. 141 and 13.201 □ 

Note that the identification (h + v) Q = h + v shows that (h + v) is local in the sense 
of |F()T94| . 
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